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Imagine sitting at your desk, looking at various objects on it. While you do not know

their exact distances from your eye in meters, you can reach out and touch them. Instead of an

externally defined unit, your sense of distance is inherently tied to your action’s effect on your

embodiment. Animals ranging from insects to humans use such a concept of distance to deter-

mine what actions to take. They must because most animals do not know what an external scale,

such as the meter, is. Instead, they must make do with an internal unit, or embodied unit, that is

somehow measured using the signals available from the body. In contrast, today’s robots almost

exclusively rely on the meter. Their bodies are measured in meters, their sensors are calibrated

to the meter, and consequently, their control, planning, and vision systems use the meter. Fur-

ther, extensive effort is put into calibrating these systems end ensuring those calibrations do not

degrade over time, else the robot will stop working.

If robots could represent the world using their own sense of distance, they would not re-



quire such calibration or precise engineering. Instead, they could use uncalibrated sensors, with

uncalibrated bodies, to accomplish tasks such as clearing obstacles, jumping gaps, and manipu-

lating objects. Inspired by this problem, this dissertation develops a visuomotor approach through

which robots can accomplish such tasks without prior knowledge of an external unit. The key to

the approach is using a system’s own actions, or control inputs, as internal feedback from which

a unit is implied and used to estimate quantities such as the body’s size, motor dynamics, or

position of objects in the world. The resulting techniques are called “Embodied Representation”

because they consist of measurements in terms of the signals available to the robot’s body itself,

without calibration to an external scale.

The development of Embodied Representation is detailed in this dissertation, resulting in

techniques and algorithms for fundamental problems encountered by embodied systems. First,

a specific method for using time-to-contact, a bio-inspired visual representation, with accelera-

tion, is used to achieve stable closed-loop control even when the units are embodied and thus

unknown. Subsequently, a general framework “Embodied Visuomotor Representation” is devel-

oped for estimating and using such representations. The resulting algorithms for uncalibrated

clearing and jumping mirror natural behaviors observed in bees and gerbils. Next, the use of

internal feedback for manipulation is studied, specifically for key insertion. The robot compares

its own wiggling signal to tactile feedback in order to guide an insertion process. The result can

insert keys into four types of locks. Furthermore, in an assembly benchmark, it outperforms a

reinforcement learning baseline trained on the objects. Finally, the impact of vibration on visual

perception, as induced by limbed or winged locomotion, is studied. This results in a specialized

video stabilization algorithm, which represents the world in a coordinate frame different from the

system’s body and stabilizes video from a tailless ornithopter known for its aggressive shaking.
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Chapter 1: Introduction

Mammals walk, �sh swim, and bees �y while relying on visual perception as feedback to

drive muscular responses. Further, while their morphologies are strikingly different, they all have

the same basic abilities, such as navigating, avoiding obstacles, manipulating objects, and chasing

targets. Surprisingly, they do this despite widely varying computational systems. Mammals can

easily recognize objects and decompose scenes. Meanwhile, �sh do not even have a visual cortex,

and bees have 1/10th the neurons of a �sh. Further, they can even learn to control themselves

quickly; a giraffe learns to walk within an hour of birth. This situation begs the question: is there

a principle that can realize visuomotor control in a broad variety of systems?

This question has been asked for a long time, but until recently, theories could only be

developed through psychophysics and animal experiments. Further, due to their nature, both

�elds rarely admit the detailed computational explanations needed to guide an implementation.

However, a relatively new �eld, robotics, and its associated mathematics for visual perception,

control, and dynamics, offers a new path. With these tools, we can propose mathematics and

compare its properties to the vision-based control demonstrated by animals. By developing the

most closely aligned frameworks, we may realize machines with robust, adaptive visuomotor

abilities like animals.

A literature review reveals an immediate impediment. Robot's sensors, physical forms,
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and controllers are widely assumed to be pre-calibrated to a unit like the meter1. However, most

animals do not know what a meter is. This dissertation questions this unnatural assumption and

develops mathematical models inspired by the uncalibrated condition of an animal. The result-

ing concept, “Embodied Representation”, eschews the meter for self-calibration in an implicitly

de�ned, internal unit, provided by all motor systems. That is, the signals sent to actuators that

themselves exert forces are used to represent precisely “where” and “how big” the robot and

world are.

This process of reusing the signals sent to the actuators is called internal feedback and, as

will be discussed, has broad support in the neuroscience literature. In what follows, we discuss

the historical development of this concept, the de-facto standard approaches to robot perception,

and bio-inspired alternatives that fall inline with neuroscienti�c �ndings. Finally, we outline four

fundamental problems in robotics that would be substantially easier if internal feedback is used

to form embodied representations that drive actions. Their solutions in the subsequent chapters

suggest that Embodied Representation is a paradigm shift that will lead to robust, ubiquitous

robots that are easy to manufacture and deploy in a broad variety of applications.

The chapter concludes with the dissertation's research objectives and organization.

1.1 Prior Work on Internal Representations

In the middle of the 19th century, Hermann von Helmholtz wrote the pioneering work in the

physiology of visual perception, “Treatise on Physiological Optics” [3]. In it, he detailed basic

models for phenomena ranging from geometric projection to depth perception and accompanied

1While the word “meter” will be used extensively in this thesis, all occurrences could be changed to “externally
de�ned unit”, meaning any arbitrarily de�ned length such as micrometers, yards, or miles.
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them with empirical experiments. Helmholtz was concerned primarily with the basic physiology

and physics behind visual perception that could be described with exact mathematical laws and

studied with precise empirical tests. This led to a robust science of vision, but left something

to be desired in understanding perception. That is, the methods biological systems use to turn

images falling onto their retina into the actions they must take to survive.

As a result, a framework for understanding perception was proposed by Jakob Johann von

Uexküll in the early 20th century. In his work “Theoretical Biology”, Uexküll most famously

describes the concept of “Umwelt”, that is the perceptual world of an animal as dictated by the

senses afforded to its own body [1]. The famous canonical example is a tick, whose world consists

of the smell of skin-oils, temperature, and touch. Consequently, it is likely that the ticks have no

understanding of visual perception and may not even represent the world in a 3D manner.

Today, Umwelt carries on as Uexküll's most famous contribution. However, Uexküll intro-

duced another important concept. He proposed that internal feedback exists between the brain's

motor system and perceptual system, which he called the Werk-organ and Merk-organ, respec-

tively. Uexküll assumed that this internal feedback exists in all of the higher animals (such as

mammals), but not the lower ones (such as sea anemones). The lower animals, he claims, are

limited to simple stimulus-response behaviours, where an event in the world, such as light pat-

tern, contact, or vibration, lead immediately to a single pre-determined motor response. However,

higher animals, and in particular humans, have the ability to use tools, open doors, and gener-

ally recognize the utility of objects for purposes such as shelter, play, hunting, and gathering

resources. To explain this ability, Uexküll suggested that the internal feedback from the Werk-

organ to the Merk-organ allows the perceptual system to upgrade the objects recognized from the

visual system from mere objects to implements. That is, objects which are useful for a certain
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Figure 1.1: Uexkull's “function circle” reproduced from the 1926 English translation of “Theo-
retical Biology“ [1]. In the english translation the “Werk-organ” is translated to “Action-organ”.
Uexkull's work considered the concept of internal feedback going from the motor system to the
perceptual system, called the “New circle”, and ascribed it to only the higher animals.

purpose, as may be needed by the motor system that aims to accomplish a task.

In Figure 1.1, a �gure from Uexk̈ull's “Theoretical Biology” is reproduced. In it, we �nd

the Merk-organ (perceptual system) and Werk-organ (motor system) that were postulated to be

contained in an animal's embodiment. They interact with the world in a loop, where the actions

of the system effect the world, and the world effects the responses of the perceptual system.

Uexküll called this the “function circle” and proposed that all biological systems adhere to it, not

just those with eyes.

Uexküll recognized that all animals must use their own units to represent magnitudes. Be-

cause this fact is somewhat obvious, Uexküll went even further. He questioned where we get

our sense of direction, in particular the 3 cardinal directions. In Chapter 1 of “Theoretical Biol-

ogy”, he concludes that our sense of direction must come from senses capable of responding to

each direction. For example, suppose we lived in a 3D world but were restricted to moving in a

plane with eyes that only see horizontally out onto that plane. Then, Uexküll posits, our Umwelt

would only contain a two dimensional world. The third dimension would be unobservable to
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us. Further, Uexk̈ull pointed out that our sense of orthogonality, that is one direction between

independent on each other, is similarly arti�cial and must arise from the pattern of receptors on

our sensory apparatus.

However, directions don't have magnitude, which is critical for almost all behaviors. Uexküll

addresses this by discussing where our sense of time comes from, assuming that their is a discrete,

small unit of time that each system perceives as the smallest possible increment of time, that from

multiples of this increment we gain the concept of magnitude. Subsequently, this conception of

magnitude is used to measure distances along directions.

The contribution of Uxek̈ull most relevant to this dissertation is found on pages 66 and 67,

Chapter 2, of “Theoretical Biology”. Here, it is pointed out that while a system's inner units can

be measured by conventional ones, such as the meter, such notions of distance are fundamentally

different. One is due to our physical nature, arising from our Umwelt, dictated by embodiment.

It is fundamental and inescapable that each system has this internal (inner) unit and all systems

must experience distance in similar ways despite their units have different absolute magnitudes.

Uxeküll claims that his work is the �rst time this concept was expressed.

In summary, with Uxek̈ull, we �nd two concepts that are integral to Embodied Representa-

tion. One is internal feedback from the motor system to the perceptual system, and the second is

the idea that all biological systems have their own units, arising in their Umwelt, that are some-

how derivative of their physical embodiment. However, Uxeküll stopped short of determining

how this might be done and did not explicitly connect the concept of internal feedback to his

conceptualization of inner units.

Following Helmholtz and Uxek̈ull, the �eld of neuroscience attempts to blend the low-level

physical ideas in the Helmholtz approach to the higher level, conceptual approach of Uxeküll. A
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Figure 1.2: Fuster's hierarchy reproduced from [2] © 2014 IEEE, reproduced with permission.
Fuster describes a stack of processing units going from perception or low level motor outputs to
high level cognition. Internal feedback goes from each motor layer to the corresponding percep-
tual layer. The role of internal feedback is described as aiding prediction in a general sense.

central �gure in this development is Joaquin Fuster who championed an extension and reinterpre-

tation of Uxek̈ull's inner feedback loops [2]. Often referred to as Fuster's hierarchy, we reproduce

it's characteristic illustration in Figure 1.2. From Fuster, a more detailed architecture for percep-

tual processing emerges. Instead of a single perception and motor system, there is a hierarchy,

a stack, of processing units, going from the sense and motor outputs and ending in the cognitive

domain (that is, high-level decision making). Internal feedback is posited as going from each

processing stage in the motor system to a perceptual processing stage at the same level in the

perceptual hierarchy.

In Fuster's hierarchy, the highest level of processing is the cognitive domain. Fuster claims
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that the internal feedback at this level most closely corresponds to the internal feedback in

Uxeküll's framework that goes from mark-organ to welt-organ. Indeed, Uxeküll's speci�cally

claims that this feedback is to guide the perceptual system to recognize objects in the perceptual

system to recognize them as implements, and only the higher animals are capable of this. But

then, what is the role of motoric internal feedback at the other levels?

Fuster proposes that its role is prediction, and spent a lifetime developing neuroscienti�c

studies showing the predictive power of the prefrontal cortex. Prediction can take many forms,

but the most relevant to Embodied Representation is the idea that an animal must predict what

it will perceive after it takes an action. When vision is accounted for, it becomes clear that this

requires an understanding of distance or an assumption about the operating conditions (this is

discussed in detail in Chapter 3 of this dissertation). But then, where does this sense of distance

come from exactly? It must be related to Uxeküll's conception of internal units, but it does not

arise from his conception of internal feedback.

An answer to these questions is the main concept in this dissertation. That is, “Embodied

Representation”, a way for systems (such as robots) to estimate distances, their shape, and per-

form tasks using their inner, or embodied units, that arise from solving a prediction problem that

depends on their embodiment's internal feedback signals.

1.2 Perceptual Representations in Robotics

The study of arti�cial visual perception ostensibly begins with David Marr's work titled

“Vision” which was mostly written in 1979 and published posthumously in 1982 [4]. Tragically,

“Vision” was written in response to Marr's diagnosis with terminal illness, which he succumbed
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to at the age of 35. “Vision” contains the �rst comprehensive computational framework for com-

puter vision. The work is broad, proposing multiple frameworks for organizing the study of

visual computation. They range from the physical (similar to Helmholtz) to the purely concep-

tual (similar to Uexk̈ul). The middle layer is algorithmic which requires writing down speci�c

algorithms that do speci�c tasks without committing to a particular computational medium or

physical implementation.

Marr's paradigm for vision envisions a camera as a passive instrument. It is carried by a

machine that moves, but what it sees is an accidental consequence of where the camera is mounted

on that machine. Subsequently, it was proposed that algorithms would reconstruct the world in

3D around the robot and localize it within that representation. Such an approach, if it works, is

always suf�cient because, as is well established by the graphics community, 3D models and the

position of the camera are enough to reconstruct an image. Thus, such things are estimated, all

possible information out of the image, or so the theory goes.

Because of Marr's early passing, it can only be assumed that his account was incomplete.

Indeed, biological systems engage in constant and purposive movement in order to acquire infor-

mation about the world and better understand what they are looking at. Further, it is unclear if

biological systems necessarily represent the world in 3D; it is possible that many simply extract

the least information required to accomplish a task.

This situation resulted in new frameworks for vision that consider the cameras as a moving

agent. In 1988, Yiannis Aloimonos published “Active Vision”, which considered computer vision

problems under the assumption of known or partially known motion (or action) [5]. The result-

ing computer vision problems have additional constraints, resulting from the known motion, that

make ill-posed problems well-posed. Examples include shape from shading, contour, and the
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general structure from motion problem. In the same year, Ruzena Bajcsy published “Active Per-

ception” which considers more general problems and results in a hierarchy of activeness ranging

from controlling the camera's apparatus to controlling the semantic interpretation of what a sys-

tem perceives [6]. The hierarchy of activeness in “Active Perception” is reminiscent of Fuster's

hierarchy, though the connection is not made explicitly. Later, in 1991, Dana H. Ballard pub-

lished “Animate Vision”, which considers a form of purposeful motion arising from a cognitive

interpretation [7,8]. Here, the world is viewed as a sort of turing tape, that a system lives within,

and sequentially queries the world, by looking act a particular object or point, to determine what

to do.

As robotics advanced through the late 90's, 2000's, and the present. Marr's paradigm,

which presents vision as a passive problem of reconstruction, gained popularity. Computational

tools such as SIFT allowed tracking visually salient points across many frames [9]. SLAM algo-

rithms [10,11] gained popularity which could solve the structure from motion problem incremen-

tally, as a robot moves through the world, and fast planning algorithms such as RRT [12] enabled

calculation of routes through the resulting maps. Today, it can be assumed that commercial sys-

tems that use vision based state estimation, such as drones, virtual or augmented reality headsets,

and cars, are using tools based in these frameworks.

While the state-of-the-art in robotics developed through the lens of passive reconstruc-

tion, the active approaches suggested by Aloimonos, Bajcsy, and Ballard continued to be studied

through the lens of bio-inspiration. That is creating systems that perceive like animals, not be-

cause we need to, but because we want to understand the animals themselves. Work on these lines

often focuses on the low-level visual representations that might be computed by biological visual

systems and how they can be used to effect actions. A principal quantity in this �eld is time-to-
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contact (TTC). It rose to fame in 1976 when David Lee proposed it might be easily measured by

the human visual system, and is suf�cient to allow humans to keep cars from coming into contact

with each other while braking [13]. Since then, numerous studies in robotics have attempted to

use time-to-contact for visual control, and its measurement is still actively studied. Consequently,

this dissertation focuses on time-to-contact as a fundamental perceptual representation, resulting

in a detailed mathematical examination of its properties in Chapter 2.

1.3 What are the Units?

In all the above perceptual frameworks, a method for estimating distance in internal units

is not explicitly considered. Instead, if vision alone is used, the world's representation is assumed

to be to scale (such as when considering monocular structure-from-motion). Then, it is assumed

that these representations will be scaled to the meter, for example using an externally calibrated

stereo baseline, LIDAR, or an IMU. To affect action in external units, the robot's body must also

be calibrated to the meter. While this methodology is suf�cient, it is well known that today's

robots are categorically expensive, available in only a few physical con�gurations, and must be

precisely calibrated, else they do not work.

This situation is striking. Does a dog know what a meter is? Does it ever go through

a calibration process involving precisely made checkerboards or mechanical �xtures that place

limbs in known con�gurations? If it grows, does it need help from its owner to recalibrate so that

it can walk again? Of course, the answer is a resounding “NO!”.

Thus, it seems prudent to study systems capable of representing themselves, in their own

units, due to signals from their embodiment. Next, we examine a few activities that are easy for

10



animals but dif�cult for robots where the success of animals may be attributed to their use of

internal units that comprise an Embodied Representation.

1.3.1 Clearing

Almost all animals can clear obstacles. That is, they know what actions to take so that

they do not make contact with a perceived structure. While robots have been able to imitate

this behavior in various ways for a long time, commercially available systems grossly depend on

calibrated 3D self-models and sensors with which they determine if the perceived object is further

away than the body. If the robot's body changes, due to damage or attachment of additional

hardware, the model must be updated by a human. Further, if the sensor's accuracy drifts due

to temperature, damage, or mechanical tolerances loosening over time, it must be recalibrated,

again by a human, so that the measurement's units are congruent with its 3D self-model.

This situation is far from the biological case. Many animals change in size substantially

during their lifetime, and not once do they need to be manually calibrated by another system.

Further, most animals do not explicitly know the parameters of their vision-based perceptual

system, such as inter-pupilary distance, the length of their limbs, or the strength of their muscles.

Further, while some animals have methods for estimating absolute distances to nearby objects

(such as the echo-location system of the bat), the mapping from stimulus to neural response to

a correct action is still somehow developed by the animal itself. Thus, it seems likely that some

type of internal units must be in play with which an animal can measure if it is too close, or too

far, from an obstacle to be cleared. If so, then arti�cial systems using such units can be expected

to maintain their clearing abilities in the real world, over long time periods. This is because
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the usage of internal units, avoids the intermediate information, which can only be supplied by

humans, that transforms perceptual representations and models of the body to external units like

the meter.

But where precisely do these internal units come from? It has been established that even

bees understand the size of objects relative to their own body size. Further, they can assess this

ratio before coming close to an opening [14]. This means their own bodies have not yet physically

interacted with the opening, and we so the ratio between the body size and the opening size is

unobservable from such a scenario alone. Thus, the opening must be measured in some other

unit, the bodies size is also known in that unit, and consequently the ratio can be determined.

In Chapter 3 we show how this situation can be resolved using units of action, which can

be estimated by the internal feedback suggested by Uxeküll and Fuster. The result is a real

robot that can estimate its own size using its own acceleration signals and visual inputs. Further,

it can estimate the size of openings in that same unit. The process takes just a few seconds,

demonstrating that such representations are easy to compute and can be estimated online.

1.3.2 Jumping

When animals jump over an object or a gap, they must jump the correct distance to mini-

mize the risk of injury. Indeed, dogs regularly participate in agility competitions, which require

precise maneuvers. Gerbils can jump gaps of varying size and, notably, appear to do “test oscil-

lations” prior to the jump which vary in frequency and magnitude depending on the distance they

must jump [15]. As in the clearing example, if any of these systems grow or change their size,

they can quickly learn to adjust their jumping behavior to still accomplish the task. But more im-
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portantly, they must also have an understanding of their own muscular dynamics, because there

is little time to correct for errors in the midst of executing a jump. Instead, what one must do

to execute the jump has to be estimated online, as a mostly open-loop input to the embodiment.

Once again, the question “What are the units?” appears.

Today's robots can jump gaps, and some of the demonstrations are even spectacular. How-

ever, all existing examples require extensive calibration and often existing kino-dynamic models

that are subsequently used to test or train task speci�c behaviors. If the robot is changed, the

designed policies will no longer work.

In Chapter 3, we show how this situation can also be resolved by using units of action.

Here, however, the incorporation of muscular dynamics results in a surprising mathematical de-

velopment that there are multiple choices of internal unit, none necessarily better than the other.

For pragmatic purposes, one particular unit is chosen, resulting in a simulated agent that can

jump a gap of unknown size without knowledge of its own strength, the strength of gravity, or

precise knowledge of its muscular dynamics. The process of estimating the required Embodied

Representation takes a few seconds and imitates Gerbil behavior.

1.3.3 Manipulation

Finally, we consider manipulation, the ability of a system to pick up, move, insert, or

change the physical con�guration of its world through contact. This problem lies at the heart of

robotics, but despite decades of research and the rather extreme economic potential of robot's that

can manipulate objects, there are no commercial systems that can handle a wide array of problems

automatically. Further, in manufacturing contexts, human engineers painstakingly preprogram
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speci�c behaviors for speci�c machines. Finally, while some success has been realized in robotic

manipulation using reinforcement learning over a wide range of embodiments and simulated

problems, no system has yet achieved widespread success.

In the previously discussed problems of clearing, jumping, and �apping �ight, it was sug-

gested that the system's own actions could provide the unit with which to measure distances and

effect control. In those cases, the emphasis was on estimating Euclidean distances in a three di-

mensional space. However, manipulation, while not necessarily in a Euclidean space, and whose

dynamics cannot be easily described by integration of acceleration, is no different. Consider a

robot that must insert a key into a lock. It knows the actions it took, and it can feel, or see, how far

the key is inserted into the lock. By adjusting the pose of its hand that grasps the key, it attempts

to insert the key further. What forces should it exert? What then are the units of the estimates it

uses to determine those forces?

For this problem, the contact dynamics cannot be modeled by a simple peg-in-hole model,

where the objects have smooth surfaces. Further, we cannot expect to learn a general strategy

of�ine. Instead, somehow, the robot must learn how its own actions affect the behavior of a

manipulated object to adjust its behavior and accomplish the goal. In Chapter 4 we consider this

problem and show that internal feedback, resulting in a necessarily Embodied Representation of

how a future action will affect the manipulation process, results in a single control law that can

insert keys into a variety of locks. Further, it outperforms a reinforcement learning baseline on

an assembly benchmark, where the learned baseline was trained on the objects.
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1.3.4 Vibration Compensation

Robots and animals that rely on limb or wing based motion shake. While many methods

exist in nature to solve this problem, such as active mechanical stabilization by the neck, similar

systems are currently dif�cult to replicate in robots. Interestingly, animals with foveated vision

systems, such as humans, constantly experience small rapid eye movements. However, their

perception of the world appears to be that of a stable viewpoint. Inspired by this, we develop

a specialized video stabilization algorithm, that can achieve “Arti�cial Microsaccade Suppres-

sion”. That is, removing small rotation like movements from an aggressively rotating body. We

demonstrate it on a tailless �apping robot, which previously proved exceptionally dif�cult to use

with vision based sensing. The result is the �rst stabilized videos from the platform, which are

amenable to downstream, real-time applications. Fundamentally, the method works by represent-

ing visual inputs in a coordinate frame separated from the body. That is, we �nd an appropriate

representation for a tailless �apping robot, that compensates for its embodiment's motor system,

and results in a usable, real-time, computable video feed.

1.4 Objectives

The above questions suggest that robots should use their own units and convenient coor-

dinate frames for control in problems like clearing, jumping, manipulating, and �apping based

�ight. Further, it is expected that internal feedback, from motoric to sensing systems will be crit-

ical to realizing arti�cial systems that are capable of estimating distances, and choosing actions

using their own units. This dissertation examines these problems from a classical perspective, de-

riving the basic properties we can expect from these assumptions and culminating in a successful

15



demonstration of each of the associated problems.

Thus, we establish the theoretical foundations of embodied representation, which will

hopefully lead to a rich vein of future research and practical deployments of robots that un-

derstand the world in their chosen unit and coordinate system, so that they can adapt to changing

environments and embodiments, without requiring precise manufacture or design, much like an-

imals.

1.5 Organization

Chapter 1 (the current chapter), motivates the dissertation's focus and chosen approach.

It begins with Helmholtz foundational work on perception in the 19th century, focuses on the

conceptualization of internal feedback developed by Uxeküll and Fuster in the 20th century, and

ends with a discussion of problems in robotics that should be much easier to solve than they

currently are. Embodied Representations, due to internal units, are then proposed as a potential

solution.

Chapter 2 establishes preliminaries for a bio-inspired approach to visual representation. It

considers time-to-contact, a quantity thought to be the basis for biological perception from insects

to humans. Several mathematical results are developed showing that time-to-contact over time

results in a trajectory to scale. Further, this can be generalized to 3D motions instead of motion

restricted to the optical axis. Acceleration is incorporated as an analog of action, and it is shown

that accurate distances to tracked objects can be measured from this methodology. Finally, the

�rst indication that using internal feedback as a source of units can have desirable properties is

brie�y examined. That is, a robot without knowledge of its strength can maintain a stable closed
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loop despite arti�cial variation of its strength by a factor of 2. Meanwhile, a traditional approach

based on the meter becomes unstable.

Chapter 3 carefully considers the usage of internal feedback for establishing an embod-

ied unit. It contrasts the approach to a large body of existing work, including Visual Inertial

Odometry, Visual Servoing, Direct Optical Flow Regulation, Tau Theory, and Glenberg's theory

of memory through actions. Additionally, it greatly expands on the mathematics that were only

brie�y touched on in Chapter 2, resulting in a general and classical formulation for achieving

Embodied Representation. Further, two algorithms are presented for realizing uncalibrated clear-

ing and jumping. Here, systems without knowledge of their size, strength, or any distance in

the world become capable of clearing obstacles of unknown size and jumping gaps of unknown

width in just a few seconds.

Chapter 4 considers the usage of internal feedback for a manipulation problem, key inser-

tion. While the robot in question uses the meter (it is a calibrated arm), the perception and the

relation between action and perception are uncalibrated due to the unknown contact dynamics

between the key and lock. Subsequently, it is demonstrated that internal feedback from the ac-

tions to the tactile perceptions results in a single algorithm that can insert four keys into four

types of locks without any further parameter tuning. Additionally, when tested on an object

assembly benchmark, that same algorithm and parameters achieve a 98% success rate while a

reinforcement learning baseline, which was trained on the objects, achieves only 86%.

Chapter 5 considers the problem of vibrations induced by limb or wing based motion on

the body. As an extreme example, tailless �apping robots have so far eluded use of vision based

sensing because of their aggressive vibrations induced by their wings. In response, a specialized

video stabilization algorithm is developed that does not rely on feature matching and is inspired
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by our inability to perceive the microsaccades of our own eyes. The result achieves the �rst

stabilization of the video of a tailless �apping robot and is free from apparent distortion and runs

in real time. The result opens up many future directions in �apping robot research.
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Chapter 2: TTCDist: Fast Distance Estimation From an Active Monocular

Camera Using Time-to-Contact

Distance estimation from vision is fundamental for a myriad of robotic applications such

as navigation, manipulation, and planning. Inspired by the mammal's visual system, which gazes

at speci�c objects, we develop two novel constraints relating time-to-contact, acceleration, and

distance that we call the� -constraintand� -constraint. They allow an active (moving) camera

to estimate depth ef�ciently and accurately while using only a small portion of the image. The

constraints are applicable to range sensing, sensor fusion, and visual servoing.

We successfully validate the proposed constraints with two experiments. The �rst applies

both constraints in a trajectory estimation task with a monocular camera and an Inertial Measure-

ment Unit (IMU). Our methods achieve 30-70% less average trajectory error while running 25�

and 6.2� faster than the popular Visual-Inertial Odometry methods VINS-Mono and ROVIO re-

spectively. The second experiment demonstrates that when the constraints are used for feedback

with efference copies the resulting closed loop system's eigenvalues are invariant to scaling of

the applied control signal. We believe these results indicate the� and� constraint's potential as

the basis of robust and ef�cient algorithms for a multitude of robotic applications.
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2.1 Introduction

Early researchers in computer vision were fascinated by living beings' ability to control

their movement in order to gather information about their environment. The process was named

“Active Perception” [5–7, 16–18], and numerous mechanisms for utilizing activeness have been

developed since. In this work, we focus on the active process of �xation based time-to-contact

estimation and using it to measure distance.

Because active vision systems are usually moving in some way, they must accelerate to

produce changes to this movement. Despite this, utilizing observer acceleration (measured using

an Inertial Measurement Unit or IMU) to facilitate visual computations has not received much at-

tention in the Active Vision literature. To �ll this gap, we introduce two mathematical constraints

relating (a) time-to-contact (� ) (the ratio of camera velocity to scene distance), (b) the relative

size of a planar patch over time, with (c) scene depth and (d) observer acceleration. These con-

straints make it possible for an active monocular camera to estimate scene depth by accelerating

in any direction. We call these constraints the� -constraint and the� -constraint.

We demonstrate the utility of the constraints in a series of experiments involving �xation

on a single object (tracking) while a monocular camera accelerates. The method is naturally

suited for object-centered representations which have been argued to be useful for a variety of

tasks [7,19–21].

Further, we demonstrate a novel mathematical property of the constraint. When efference

copies of the control signal (de�ned in psychology as an internal copy of the movement producing

signal) are used in the place of acceleration in the� or � constraint, the closed loop dynamics

become invariant to scaling of the applied control signal. Informally speaking, this means the
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Figure 2.1: Top: Five seconds of Sequence 9's camera trajectory along with the �xated scene
patch used to estimate 3D distance using a monocular camera and an IMU. Sequence time is
color coded with the hot colormap. Bottom: Instantaneous Euclidean error for Sequence 9 of our
methods as well as VINS-Mono, ROVIO, and AprilTag 3. Ground truth is measured by a motion
capture system. Supplementary plots for all sequences, and an explanatory video, are available
athttps://prg.cs.umd.edu/TTCDist .

21



weight of the robot, or the strength of the motors, can change without in�uencing stability.

The key concept of fusing inertial measurements with camera observations has been ex-

tensively studied in the �elds of Structure from Motion (SfM) and Simultaneous Localization

and Mapping (SLAM). Traditionally, this fusion has been achieved in Visual Inertial Odometry

(VIO) frameworks using a series of Bayesian �lters or Factor graphs [22,23].

It is important to stress that our implementation is not a fully-functional VIO implemen-

tation, and is only intended to empirically demonstrate the ef�cacies of the� and� constraints

for absolute position estimation and control. Nevertheless, our constraints naturally result in a

trajectory estimate. For this reason, we compare our method with the popular state-of-the-art

VIO methods such as VINS-Mono [24] and ROVIO [25] as well as the �ducial marker based

pose estimation method, AprilTag 3 [26]. We also compare our results with millimeter accurate

ground truth from a Vicon motion capture system.

A list of our contributions follows:

• A closed form solution for the 3D position of the camera given time-to-contact or depth-

to-scale and acceleration.

• A computationally ef�cient position estimation method utilizing the� or � constraint based

on the closed form.

• Comparisons against the popular VIO methods, VINS-Mono and ROVIO, as well as April-

Tag 3, to show the ef�cacy of the novel constraint in real-world settings.

• A corollary (resulting from the closed form) and experiment showing that our constraints,

when used with efference copies in a closed loop, make the system invariant to scaling of

the control signal.
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2.2 Related Work

A multitude of prior works from both the computer vision and robotics literature deal with

time-to-contact and the fusion of camera and IMU measurements to obtain relative camera pose

(odometry). However, to the best of our knowledge, none of these works provided closed form

solutions for the estimation of distance from time-to-contact and inertial measurements nor for

distance from the apparent size of a tracked planar patch and inertial measurements.

Time-to-contact

One of the earliest works to discuss how time-to-contact� can be used in control tasks

came from psychology. [13] provided an analysis of how time-to-contact,� , obtained from vision,

could be used by drivers to control braking a vehicle. The idea was generalized to other perception

modalities into a “General Tau Theory” in [27].

Because of its intuitive formulation,� has also been the subject of many studies in robotics.

[28] showed how to land a spacecraft using event cameras by computing� from the divergence

of optical �ow. [29] fuses information from a depth camera and� to compute “time-to-impact”

which can in-turn be used to dodge dynamic obstacles. In robotics, most methods that perform

optical �ow based control use initial height estimates either implicitly or explicitly, as remarked

in [30]. To this end, [30] proposed to fuse control effort and time-to-contact with an extended

Kalman �lter which estimated depth. Another strategy exploits the instability that manifests at

certain heights when performing direct� control with �xed gain feedback to estimate depth [31].

In the context of self-driving cars, BinaryTTC [32] proposed a network to predict per-pixel� .

Recently, EV-Catcher caught fast-moving objects using a network to predict time-to-contact and
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Figure 2.2: System overview of our method to estimate camera position using the� -constraint.
The� -constraint uses an identical process except that the derivative of� is not taken. Only one
constraint is used at a time as indicated by the dashed arrows and outlines.

the current position of a moving object [33]. Finally, it is important to note that� can be ef�ciently

computed when the scene under consideration is planar [34].

Visual Inertial Odometry (VIO)

One of the earliest works for real-time VIO fused sparse feature tracks with IMU measure-

ments using a Multi-State Constraint Kalman Filter [35]. This pipeline was made more robust by

ROVIO [25] which fused photometric consistency of patches with IMU measurements in an Iter-

ative Extended Kalman Filter. ROVIO relies on tracking several planar (af�ne warpable) patches

distributed across the �eld of view and uses approximations to implement the iterated EKF. To

this end, VINS-Mono [24] introduced a point-based nonlinear sliding window estimator with an

initialization-free formulation where the points are assumed to be distributed across the �eld of

view. These methods are supported by a proof that tracked points and inertial measurements al-

low pose to be recovered in closed form [36, 37]. In contrast, our constraints admit closed form

solutions for distance to a single patch of unknown size.

Recent deep learning based VIO methods have achieved better accuracy than classical ap-
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proaches. VINet [38] presented the �rst supervised method to estimate VIO using a CNN +

LSTM architecture. This was later improved by DeepVIO [39] using supervision from a stereo

camera. The limiting factor of these approaches is a lack of speed and generalization across var-

ious compute platforms [40]. As will be shown, the� -constraint can be formulated as a loss,

which may be interesting for future work in deep VIO. We will present a derivation of the pro-

posed constraints next.

2.3 Derivation of the� and� constraint

We develop a system to use the� and� constraints with a calibrated monocular camera

and an aligned 6-DoF IMU that measures acceleration and angular velocity. Referring to 2.2, we

compose the incoming frames with a rotational warp function from the IMU. Then we “�xate on”

(track) a planar patch in the rotation-compensated images using an af�ne homography. A history

of the parameters of the af�ne homography are then used to estimate distance with our proposed

� and� constraints. Finally, we �lter the predictions using a Luenberger observer (explained in

2.4) to obtain the �nal trajectory estimates.

In the following derivation, we �rst de�ne frequency of contact,F, and explain its relation

to � . Then we show howF and� can be measured from an af�ne homography. Finally, we

relatedF and� to acceleration and depth which results in the� and� constraints respectively.

2.3.1 De�nition of � , frequency-of-contactF, and�

Time-to-contact or� is de�ned asZ= _Z (ratio of depth/distance to velocity). Below, we

generalize� to all three dimensions and de�ne frequency of contact as
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F :=
_X
Z

: (2.1)

X = [ X; Y; Z ]T is the position of a point as in 2.3.

Frequency of contact is the number of times per second a constant speed point will reach

an axis. Unlike time-to-contact, frequency-of-contact is only ill-de�ned whenZ = 0, which just

means the object cannot be seen. The third component ofF, FZ , is equal to1=� .

Frequency-of-contact is directly related to� (depth and translation to scale). To show this,

consider thatF de�nes the linear time varying system_X = FZ which has the solution

X (t) =

2

6
6
6
6
6
6
4

1 0
Rt

0 FX (� )� FZ (� )d�

0 1
Rt

0 FY (� )� FZ (� )d�

0 0 � FZ (t)

3

7
7
7
7
7
7
5

| {z }
�( t ):=

X 0; (2.2)

where� FZ is the solution to the ODE_Z = FZ Z whenZ0 = 1, i.e.� FZ (t) = exp
� Rt

0 FZ (� )d�
�

[41].

Next, we use a tracked planar patch to estimateF and� .

2.3.2 Estimating� and� from an Af�ne Homography

As illustrated in 2.3, a point in a sceneX is projected to a point on the imagex according

to the pinhole modelx = X =Z. Without loss of generality, we assume that the camera intrinsic

matrix K is identity. If we are tracking the points on a plane that is parallel to the imaging plane

and the camera translates without rotating, then an af�ne homography relates all points on the
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Figure 2.3: By the pinhole model, a scene pointX is projected to image pointx. The camera
“perceives” movement ofx as optical �owu.

planar patch in the current frame to their positions in the �rst frame and is given by

x(t) =

2

6
6
6
6
6
6
4

Z0=Z 0 (X � X 0)=Z

0 Z0=Z (Y � Y0)=Z

0 0 1

3

7
7
7
7
7
7
5

| {z }
A:=

x(0): (2.3)

The de�nition of � in 2.2 allows us to writeX � X 0 = (� � I )X 0 which reveals that the

components of� � I are determined by the elements ofA. In our implementation, we estimate

the af�ne homographyA using the inverse Lucas-Kanade method. As studied in [42], the patch

must have suf�cient texture to ensure convergence. We also compose the af�ne homography with

the rotation from inertial measurements (as shown in 2.2).

To obtainF on the tracked patch from the af�ne homography we consider the optical �ow

ux as a function ofx
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ux =
dx(t)

dt
= _AA � 1x = �

2

6
6
6
6
6
6
4

_Z=Z 0 _X=Z

0 _Z=Z _Y =Z

0 0 0

3

7
7
7
7
7
7
5

| {z }
B :=

x: (2.4)

Thus,B 's terms are equal to frequency-of-contactF. In practice, we �t an af�ne homog-

raphy to a slightly slanted plane. In that case, it is more appropriate to consider the af�ne �ow

parameters inB = [ bi;j ] as corresponding to the linear terms of optical �ow due to a planar

surface. Then, if� := (( b2;1b1;3=b2;3) � b1;1), the frequency-of-contact is

_X
Z

=

2

6
6
6
6
6
6
4

b2;1b1;3=b2;3 b1;2 b1;3

b2;1 b1;2b2;3=b1;3 b2;3

� (b2;1=b2;3) � (b1;2=b1;3) �

3

7
7
7
7
7
7
5

x: (2.5)

Next, our constraints are derived from the above relations.

2.3.3 The� -constraint and the� -constraint

Now, we will relateF and� to depth and acceleration which results in the� and� con-

straints respectively. The constraints relate the initial conditions of the linear time varying system

de�ned by time-to-contact and the linear time invariant system de�ned by acceleration.

By the fundamental theorem of calculus,X is given by

X (t) � X 0 = t _X 0 +
Z t

0

� Z �

0

•X (� 2)d� 2

�
d�

| {z }
Jf •X g(t ):=

: (2.6)
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WhereJf f g(t) : Ln
p � R ! Rn is an operator returning the double integral of a vector of

functions [43].

SinceX � X 0 = (� � I )X 0 we can make a substitution which results in the� constraint.

Theorem 2.3.1(� -constraint). If � and •X are known8t in a closed time interval andZ � � >

0; 8t, then the following linear constraint between initial depthZ0, � , and acceleration•X holds

for each point on the planar scene patch

(�( t) � I )

2

6
6
6
6
6
6
4

0

0

Z0

3

7
7
7
7
7
7
5

� t _X 0 = Jf •X g(t): (� -constraint)

Using the� -constraint for position estimation requires determining four unknowns,Z0 and

_X 0. Using the fact that(�( t) � I ) / t if and only if •X = 0; 8t makes it possible to show that

when�( t) andJf •X g(t) are known over a time interval, then the linear system de�ned by the

� -constraint determinesZ0 and _X 0 if and only if 9 t between the two times s.t.•X 6= 0. A proof

is in the supplementary material.

Since _X 0 = F(0)Z0, the� -constraint follows directly.

Theorem 2.3.2(� -constraint). If F and •X are known8t in a closed interval andZ � � > 0; 8t,

then the following linear constraint between depthZ0, frequency-of-contactF, and acceleration

29



•X holds for each point on the planar scene patch

�
�( t) � I � t

�

0 0 F(0)

��

| {z }
E (t):=

2

6
6
6
6
6
6
4

0

0

Z0

3

7
7
7
7
7
7
5

= Jf •X g(t): (� -constraint)

E(t) is the ratio between positional change due to acceleration and the depthZ0. Intuitively,

it is the“action's effect”.

It is proven in the supplementary material that determiningZ0 is well posed if and only if

•X is non-zero at some time.

The � -constraint and� -constraint are closely related. The� -constraint considers the po-

sition and area of an object in the image, and the� -constraint considers its velocity and rate of

change of size. SinceF determines� by integration, it is reasonable to use either the� or � con-

straint whenF is available. However, using the� -constraint when only� is available is dif�cult

because� must be numerically differentiated to getF, which can introduce signi�cant noise.

Next, we discuss estimating depth using our constraints.

2.4 Fusing Inertial Measurements with� and�

To tightly couple IMU measurements and frequency-of-contact from a camera in a sliding

window manner, we set up a least squares problem over the constraints. The solution is the depth

of a point in the scene and the gravity direction.

As illustrated in 2.2, we estimate a rotation matrix,R, using the gyroscope. Using this
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matrix allows all measurements to be rotated into the orientation of the initial camera frame, and

thus over a short time period, the method can be considered rotation invariant. Thus, we use

R to rotate the measured accelerationam
c (t) back to a �xed frame,am (t) = R(t)am

c (t). The

IMU measures the resultant of gravitational acceleration and linear acceleration. Thus,am (t) =

� •X + g.

2.4.1 Ef�cient Computation of Depth (Z Distance)

Let us suppose a history ofam (t) andF(t) measurements are available over a time interval

[0; T]. Now, without loss of generality, we consider the problem along only theZ axis. The

problem for the� -constraint can be written as

argmin
Z0 ;gZ

Z T

0
(EZ Z0 + Jf am

Z + gZ g)2 dt: (2.7)

The problem for the� -constraint is given by

argmin
Z0 ; _Z0 ;gZ

Z T

0

�
(� FZ � 1) Z0 � r _Z0 + Jf am

Z + gZ g
� 2

dt; (2.8)

wherer (t) := t is the ramp function.

In both cases, the problem is the same for theX or Y axis up to a change of subscripts and

the initial velocity.

It is proven in the supplementary material that 2.7 and 2.8 are well-posed if and only if the

measured acceleration,am
z , is not constant for the entire time interval.

Thus, given motion along an axis, depth and gravitational acceleration can be recovered

ef�ciently by solving a linear least squares problem based on either constraint. The estimates
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have noise and so we discuss �ltering them next.

2.4.2 Filtering of Depth

Now, we extend the above derivation for trajectory estimation. Since 2.7 estimatesgz and

Z , we can set up a Luenberger observer [41] to �lter the trajectory estimate. LetẐ and _̂Z be the

estimated quantities, then

2

6
6
4

_̂Z

_̂_Z

3

7
7
5 =

2

6
6
4

_̂Z

am
z � gz

3

7
7
5 + L

2

6
6
4

Z � Ẑ

_Z � _̂Z

3

7
7
5 : (2.9)

When multiple estimates forZ are available from motion along multiple axes, the results

are averaged. When̂Z andgz are not available, due to lack of acceleration, then dead reckoning

is used by applyingF or � to the latest̂Z .

Finally, we recover the three dimensional trajectory by multiplyingẐ with the current

image location of the center of the planar patch:
�

X̂ Ŷ Ẑ

� T

:= xẐ . Next, we explain how to

substitute control effort for acceleration.

2.5 Closed Loop control using Efference Copies

Since the control effort in robotics often corresponds to acceleration up to some scale, it is

interesting to consider what happens when control effort,u, is substituted for•X when solving

2.7. Control effort and optical �ow are often referred to asu. So we useux for the �ow at pixel

x.

This substitution leads to an interesting property.

32



Corollary 2.5.1. If •X = bu; b 6= 0, whereu is a linear control determined byu = K X̂ , then if

u is substituted foram in 2.7, the dynamics become invariant tob.

Proof. By de�nition •X =b= u, and the solution to 2.7 is linear inam . Thus, usingu instead of

am results in a state estimate scaled by the inverse ofb, i.e. X̂ = X =b.

Further, sinceu := K X̂ , we can see that•X = bK(X =b) = K X . Thus, the dynamics are

invariant tob.

Practically speaking, this allows changing the strength of a motor, or the weight of a robot,

without drastically changing the stability properties of the system. Typically such a change would

require re-tuning the control gainsK .

2.6 Experiments

We designed the experiments to evaluate the� and� constraints as well as the invariance

property to determine if the constraints are a promising method for future research and applica-

tions.

2.6.1 Metric Trajectory Estimation

To test the constraints' ability for trajectory estimation, we created ten sequences with �ve

distinct scenes in an indoor setting. Each scene contains a planar object to �xate on as shown

in 2.1. For each scene, two recordings were made, one with an AprilTag and one without. The

trajectories feature acceleration often over 2 m=s2.
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The sequences were recorded with an Intel® RealSenseTM D435i camera using the built-in

IMU and the left grayscale camera [44]. We used the grayscale camera because the D435i's IMU

is hardware time-stamped to the grayscale imager. The D435i captures images at 90 frames per

second at 848� 480 px. resolution. The IMU records gyroscope measurements at 400 Hz and

the acceleration at 250 Hz.

We tracked the �xated planar patch using gyroscope measurements for rotation stabilization

and by continually �tting an af�ne homography using the ubiquitous patch tracking method from

[42]. The frequency-of-contactF was then recovered using 2.5. The af�ne tracker was initialized

by tracking a 100� 100 pixel patch sub-sampled to 4000 pixels. While the patch size changes

dramatically during �xation, only 4000 pixels are drawn from each frame.

Then, the� -constraint was fused with the IMU measurements using a 2 second signal his-

tory and a 100 Hz sampling rate using linear interpolation. If the average power of the bias

corrected acceleration along an axis was below 2 m=s2 the resulting depth from the� -constraint

was not used. If no observations of depth were available the depth estimate was forward propa-

gated using dead reckoning withF or � . The Luenberger's gain was set toL = diag(2; 20) for

all the sequences.Also, it is important to note, that these parameters were not tuned using the

sequences considered in this work.

Our implementation is written in Python 3.8 using standard scienti�c Python libraries.

Numba is used to accelerate critical sections [45]. One thread on an Intel® CoreTM i7-6820HQ

laptop processor was used to perform computations.

The open-source VINS-Mono and ROVIO implementations were used for comparison [24,

25, 46]. VINS-Mono was con�gured to output poses at 90 Hz (the camera frame rate), however,

it produced poses only at 80 Hz. ROVIO was con�gured to produce poses at 90 Hz.
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As another source of comparison, we used the AprilTag 3 [26] library to detect 36h11 tags.

The corners were used to solve the Perspective-n-Point problem to recover a tag's location in the

current frame. The gyroscope measurements were used to rotate each AprilTag pose measure-

ment back to the �xed orientation used by the constraints.

The ground truth trajectory was measured at 200 Hz using a Vicon motion capture system

with 8 Vantage V8 cameras. We align all trajectories to Vicon ground truth and compute the

Average Trajectory Error (ATE) as described in [47].

ATE(X ; X v) =

 
1
N

N � 1X

n=0

kX n � X v
nk2

2

! 1=2

: (2.10)

HereX v
n is themotion capture systems n'th position estimate andX n is the n'th estimated

position.

2.6.2 Closed Loop Stability Invariance Property

To test the invariance property, we implement a closed loop controller on a DJI® RoboMasterTM

robot pictured in Fig. 2.4. The robot's goal is to reach a �xed distance from a pre-determined

visual target, where distance is in meters for trials using measured acceleration and units of effort

when using efference copies. By adjusting a static gainbapplied to the control signal we can test

if using efference copies in the� -constraint prevents the control system from exhibiting unstable

behavior whenbis increased dramatically. Four trials were run. In two of these acceleration from

the onboard IMU was fed to the� -constraint whose estimates were then used for closed loop

control. In the other two trials, efference copies were fed to the� -constraint, meaning thatu was

used instead of the measured acceleration. For each group of two experiments, one was run with
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Seq. 1 2 3 4 5

Duration (s) 15.06 26.15 32.28 36.23 16.41
Length (m) 15.73 29.65 22.21 34.75 15.63

Method ATE (cm)

AprilTag 3 2.80 - 2.67 - 3.76
VINS-Mono 5.41 8.80 14.21 15.37 -
ROVIO 7.77 9.89 11.88 33.23 29.96

� -constraint (ours) 3.77 5.79 7.60 7.32 7.40
� -constraint (ours) 8.07 6.91 12.33 10.21 16.82

Seq. 6 7 8 9 10

Duration (s) 16.27 8.02 32.15 26.73 40.08
Length (m) 15.78 7.30 26.75 21.39 35.37

Method ATE (cm)

AprilTag 3 - 0.65 - 2.48 -
VINS-Mono 6.10 1.15 18.45 13.07 4.34
ROVIO 2.84 0.69 3.93 16.62 3.79

� -constraint (ours) 5.71 1.42 3.28 2.86 2.42
� -constraint (ours) 7.21 10.70 4.32 2.38 3.24

Table 2.1: Sequence duration (seconds), path length (meters), and each method's accuracy in
centimeters of Average Trajectory Error (ATE). Since AprilTag 3 is always the best when it is
available we also bold the second best result in such sequences.
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Figure 2.4: Top left: The invariance property is tested by using the constraint to navigate to a
unit distance from a visual target. Top right: The experimental setup. Bottom: The normed error
between the robot's position and the target position. When efference copies are used, the system
is stable despite changes to the unknown gainb. When using measured acceleration, the system
destabilizes whenb is set to 2. Distance is in meters for trials using measured acceleration and
units of effort when using efference copies.

the actuator gain set to 1 (which was the value theK matrix was tuned for). In the second run,

the actuator gain was set to 2, which doubled all control signals without the control algorithm's

knowledge. The control gains were chosen asK = diag(2; 2).

2.7 Results And Discussion

2.7.1 Metric Trajectory Estimation

The ATE results across all the 10 sequences are given in 2.1 along with the path length

and duration of the sequences. The proposed� -constraint achieves lower ATE than VINS-Mono
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and ROVIO in all but two sequences. In those two sequences, it remains competitive. The� -

constraint achieves a lower ATE than VINS-Mono in six out of nine comparable sequences and a

lower ATE than ROVIO in 5 out of 10 comparable sequences. ATE averaged over all sequences

was 5.4 cm for the� -constraint, 8.5 cm for the� -onstraint, 16.9 cm for ROVIO, and 2.8 cm for

AprilTag 3. The average ATE for VINS-Mono, averaged over all sequences except sequence 5,

was 12.2 cm. The VINS-Mono result is omitted for sequence 5 because its estimate diverged.

It is no surprise that the AprilTag 3 method routinely achieved the best ATE. This is because

the AprilTag system uses the known size of the visual �ducial to estimate depth. Regardless, the

� and � -constraints perform comparably to the AprilTag 3 method in some sequences. This

is particularly noticeable in Sequence 9. In 2.1 the instantaneousl2 error of each method in

Sequence 9 is plotted for comparison.

While the ATE errors are promising, they do not indicate that our method is better than

existing VIO methods. Such a claim would require developing a full VIO stack around the� or

� -constraint and comparisons on existing datasets.

Our Python implementation achieved 6.5� realtime or 588 frames per second (fps). VINS-

Mono's C++ implementation ran at 0.26� realtime or 23.6 fps. ROVIO's C++ implementation

ran at 1.05� realtime or 94.5 fps.

2.7.2 Closed Loop Stability Invariance Property

As shown in Fig. 2.4, all achieved trajectories are similar, and approach the target, ex-

cept for the case where the actuator gain was doubled and measured linear acceleration was used

in the � -constraint. This was expected. Indeed, in this case, the poles and zeros of the closed
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loop system are dramatically shifted because the control gain matrix is effectively doubled. As a

result, the robot began to oscillate around its stopping point as is typical of a “poorly tuned” con-

troller. However, the control scheme using efference copies had no such limitation, as predicted

by Corollary 2.5.1.

2.8 Conclusion and Future Work

In our work, we developed two novel constraints called the� and� -constraint which allow

a moving camera to estimate depth using a small part of the image. Applying these constraints

to trajectory estimation achieved better results while being orders of magnitude faster than some

state-of-the-art VIO approaches. Further, we presented a method to perform closed-loop control

with the constraints while using efference copies which is invariant to scaling of the control

signal. We will talk about some future directions next.

Both constraints require that there is acceleration in order to measure distance. In practice,

we found accelerations with approximately 2 m=s2 of power were necessary to get good measure-

ments. However, when using efference copies only a small nominal acceleration was required for

reasonable performance. Further theoretical analysis would be useful for gaining more insight

into this behaviour.

VIO methods commonly estimate IMU biases and so it would be interesting to add such

terms to our constraints. Similarly, it is of interest to extend 2.5.1 to account for a transfer function

relating control effort and acceleration.

For our method to be deployable as a full VIO system it would need to be extended to �xate

on multiple patches and actively switch between them. Based on the signi�cant speed up, and
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competitive accuracy presented in our preliminary results, we believe that further development

of the � and� constraint, in theory and practice, is a promising direction for VIO, VI-SLAM,

active perception, and robotics.

2.9 Proofs

2.9.1 Completion of Proof of Theorem 2.3.1

For brevity, the manuscript left out the proof that the� -constraint allows estimating initial

depthZ0 and initial velocity _X 0 given measurements in an intervalt 2 [0; T] if and only if 9 t

between the two times s.t.•X 6= 0. In what follows we assumeX (t) is suf�ciently differentiable.

Proof. Recall the� -constraint is

(�( t) � I )

2

6
6
6
6
6
6
4

0

0

Z0

3

7
7
7
7
7
7
5

� t _X 0 = Jf •X g(t): (� -constraint)

These three constraints are linear inZ0 andX 0. Thus, solving for these quantities using

measurements over an intervalt 2 [0; T] is not well posed if and only if�( t) � I and� t are

linearly dependent over the interval.
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Consider that

X (t) = �( t)X 0

() X (t) � X 0 = (�( t) � I )X 0

() X (t) � X 0 = (�( t) � I )

2

6
6
6
6
6
6
4

0

0

Z0

3
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7
7
7
7
7
5

()
X (t) � X 0

Z0
= (�( t) � I )

2

6
6
6
6
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6
4

0

0

1
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7
7
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7
5

:

(2.11)

Therefore it is equivalent to determine when(X (t)� X 0)=Z0 and� t are linearly dependent.

Assuming the two functions are equal up to a scalar� 2 R reveals

X (t) � X 0

Z0
= � (� t)

() X (t) = X 0 + � (� t)Z0

() •X (t) = 0 :

(2.12)

Thus, the functions are linearly independent, and soZ0 andX 0 can be determined, if and

only if 9 t 2 [0; T] s.t. •X (t) 6= 0.
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2.9.2 Completion of Proof of Theorem 2.3.2

For brevity, the manuscript left out the proof that the� -constraint allows estimating initial

depthZ0 given measurements in an intervalt 2 [0; T] and if and only if9 t between the two

times s.t.•X 6= 0.

Proof. Recall the� -constraint is

�
�( t) � I � t

�

0 0 F(0)

��

| {z }
E (t):=

2

6
6
6
6
6
6
4

0

0

Z0

3

7
7
7
7
7
7
5

= Jf •X g(t): (� -constraint)

The constraint is linear inZ0 thus solving forZ0 quantities using measurements over an

intervalt 2 [0; T] is not well posed if and only ifE(t) = 0 8 t 2 [0; T]. Substituting the previous

expression for�( t) � I and the de�nition ofF (0) = _X 0=Z0 reveals

�( t) � I � t
�

0 0 F(0)

�
= 0

()
X (t) � X 0

Z0
� t

_X 0

Z0
= 0

() X (t) = X 0 + t _X 0

() •X (t) = 0

(2.13)

Therefore, the problem is well-posed (meaningZ0 can be determined) if and only if9 t 2

[0; T] s.t. •X (t) 6= 0.
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2.9.3 Proof that (2.7) and (2.8) are well posed

Equations (7) and (8) setup a linear least squares problem to determineZ0, _Z0 andgZ from

�( t) � I andam
Z . It is stated the problem is the same for the X or Y axis up to a change of

subscripts and the initial velocity and claimed without proof that the problems are well-posed if

and only if,am is not constant for the entire time interval. The proof follows.

Proof. For Eq. (7), the linear relation being optimized (based on the� -constraint) and considered

along each axis at once is

(�( t) � 1)

2

6
6
6
6
6
6
4

0

0

Z0

3

7
7
7
7
7
7
5

� t _X 0 + Jf am + gg(t) = 0

()
X (t) � X 0

Z0
Z0 � t _X 0 + g

t2

2
+ Jf amg(t) = 0 :

(2.14)

Similarly to Theorem 3.1 and 3.2, the problem is not well posed if and only if(X (t) �

X 0)=Z0, � t, andt2=2 are linearly dependent8 t 2 [0; T]. Assuming9 �; � 2 R s.t. a weighted

linear combination equals zero reveals

X (t) � X 0

Z0
� �t + �

t2

2
= 0

() X (t) = X 0 + �Z 0t � �Z 0
t2

2
= 0

()
d
dt

•X (t) = 0 :

(2.15)
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The proof and result for Eq. (9) (based on the� -constraint) is identical with the exception

that�Z 0t in the second to last line becomes� _X 0t.

Thus, the problems in Eq. (8) and (9) are well-posed if and only if the derivative of accel-

eration, jerk, is non-zero at some time during the considered time interval.
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Chapter 3: Embodied Visuomotor Representation

Imagine sitting at your desk, looking at objects on it. You do not know their exact distances

from your eye in meters, but you can immediately reach out and touch them. Instead of an

externally de�ned unit, your sense of distance is tied to your action's embodiment. In contrast,

conventional robotics relies on precise calibration to external units, with which vision and control

processes communicate. We introduceEmbodied Visuomotor Representation, a methodology for

inferring distance in a unit implied by action. With it a robot without knowledge of its size,

environmental scale, or strength can quickly learn to touch and clear obstacles within seconds

of operation. Likewise, in simulation, an agent without knowledge of its mass or strength can

successfully jump across a gap of unknown size after a few test oscillations. These behaviors

mirror natural strategies observed in bees and gerbils, which also lack calibration in an external

unit.

3.1 Introduction

The predominant autonomy frameworks in robotics rely on calibrated 3D sensors, pre-

de�ned models of the robot's physical form, and structured representations of environmental

interactions. These representations allow vision and low-level control to be abstracted as sepa-

rate processes that rely on an external scale, such as the meter, to coordinate. For instance, it is
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common to use vision to construct a metric map scaled to the meter. Subsequently, a planning

algorithm uses this geometric representation to generate a trajectory, also scaled to the meter. Fi-

nally, a pre-tuned low-level controller employs feedback to follow the metric trajectory, mapping

it to motor signals. This approach is known as the sense-plan-act paradigm, and it originates from

Marr's vision framework [4]. Figure 3.1 illustrates a block diagram of this paradigm.

The sense-plan-act architecture allows separate teams of engineers and scientists to create

equally separate vision and control algorithms tuned for particular tasks and mechanical con�g-

urations. Subsequently, alternative frameworks for vision, such as Active Vision and Animate

Vision emerged [5,19,48], primarily to address the limitations of the passive role of vision in the

sense-plan-act cycle. However, these frameworks consider control (action) at a high level, and so

vision and control remain mostly separate �elds and continue to be interfaced with external scale.

This dependence leads to lengthy design-build-test cycles and, consequently, expensive systems

that are available in only a few physical con�gurations and must be precisely manufactured. Fur-

ther, it creates problems that are unobserved in biological systems. For example, it is well-known

that Advanced Driver-Assistance Systems (ADAS) in modern cars, such as lane-keeping assist

and collision warning, require millimeter accurate, per vehicle calibrations. Another example is

the 1999 NASA Mars Climate Orbiter, whose software confused English and Metric units and

crashed [49]. Finally, several billion-dollar 3D Camera and LIDAR industries aim to produce

accurate 3D measurements calibrated to an external scale, and signi�cant effort is dedicated to

ensuring those calibrations do not degrade over time.

This situation is striking because biological systems do not necessarily understand distance

in an external scale like the meter. Further, we know from psychology that human and other mam-

malian perceptual systems do not provide metric depth and shape [50–54]. Instead, somehow,
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Figure 3.1:Architectural comparison of sense-plan-act with Embodied Visuomotor Repre-
sentation. (A): The classic sense-plan-act architecture used in robotics assuming visual inertial
odometry (VIO) is used for state estimation. Stability depends on calibrated sensors, such as an
IMU, that provide accurate knowledge of the state in an external scale. (B): An architecture based
on Embodied Visuomotor Representation. Compared to sense-plan-act, the embodied approach
includes an additional internal feedback connection (red arrow) containing the control signalu.
The units ofu are implied by the unknown gainb and the dynamics going from control to the
state in any scale, including the meter. Embodied Visuomotor Representation leverages position-
to-scale,� W , obtained from vision andu to determine a state estimatex̂=bin the embodied scale
of u. Notably, the unknownbcancels in the closed-loop system, enabling stable control without
calibrated sensors. Direct methods such as Tau Theory, Direct Optical Flow Regulation, and Im-
age Based Visual Servoing also avoid dependence on calibrated sensors by using purely visual
cues (e.g., time-to-contact, optical �ow, or tracked image features) for feedback. However, with
few exceptions, such methods' stability depends on tuning the control law for the expected scene
distances and system velocities.
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biological systems represent the world using only the signals due to their embodiment. Further,

animals such as gerbils, dragon�ies, and bumblebees exhibit visuomotor capabilities far in ex-

cess of robots while allowing for much broader variation in physical form and handling complex

dynamics such as turbulence and muscular response [14, 15, 55]. Similarly, humans can control

augmentations to their embodiment, such as cars and airplanes, which also vary in physical form

and do not maintain precise calibrations to an external scale.

One explanation is that these systems do not rely on any precise sense of distance. In

support, direct approaches such as Tau Theory [13], Direct Optical Flow Regulation [56], and

classical Image Based Visual Servoing [57] offer methods to control a visuomotor system using

only cues directly available from the image such as time-to-contact, optical �ow, and image

features. However, systems strictly limited to direct methods cannot reason about distance, a

capability essential for behaviors such as the clearing maneuvers of bees [14] and the jumping

ability of gerbils [15]. Moreover, direct methods either assume a prede�ned operating region for

which the control system is tuned [57–60] or constrain achievable behaviors to those possible

with a restricted class of feedback laws [61,62]. In contrast, systems with knowledge of distance

can overcome these limitations while still using direct (image space) control objectives.

Thus, a key question arises: How can a robot, without a source of external scale, use its

vision and motor system to estimate a meaningful sense of distance? We refer to methods that

capture this phenomenon asEmbodied Visuomotor Representationand propose that its realiza-

tion could drive a paradigm shift that makes robots easier to produce, more affordable, and widely

accessible.

Psychologists assume humans have such representations without proposing a precise and

general method for obtaining them [63]. Biologists argue that simple animals such as bees can
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develop them [14]. Computer scientists suggest that computations drive intelligence, and thus

representations, as physical as the body itself [64]. In particular, there is evidence that the vi-

suomotor capabilities of animals can be attributed to well-tuned internal models closely coupled

with perceptual representations. In addition to reasoning about distances, an important function

of these models is prediction, which allows an animal to anticipate upcoming events, compensate

for the signi�cant time delays in their feedback loops, and, when coupled with inverse models,

generate feedforward signals for other parts of the body [65].

However, being able to explain a phenomenon is not the same as being able to implement it.

To address this, we propose Embodied Visuomotor Representation, a concrete framework that can

estimate embodied, action-based distances using an architecture that couples vision and control

as a single algorithm. This results in robots that can quickly learn to control their visuomotor

systems without any pre-calibration to a unit of distance. In many ways, our method parallels

a psychological theory of memory as embodied action due to Glenberg (who presents the idea

of embodied grasping of items on a desk). Glenberg argues that the core bene�t of embodied

representation is that they “do not need to be mapped onto the world to become meaningful

because they arise from the world” [63]. Similarly, our Embodied Visuomotor Representations

do not need to be pre-initalized with an external scale because they can be estimated by the robot

online without sacri�cing stability.

Embodied Visuomotor Representation achieves this by exchanging distance on an external

scale for the unknown but embodied distance units of the acceleration affected by the motor sys-

tem. As a consequence, powerful self-tuning, self-calibration, or adaptive properties emerge. At

the mathematical level, the approach is similar to the Internal Model Principle, a control theoretic

framework that underlies all learning-based control methods, either explicitly or implicitly [66].
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Unlike the sense-plan-act approach, which operates sequentially, the Internal Model Principle

introduces a critical topological distinction: an internal feedback loop that leverages embodied

motor signals to predict sensory feedback representations. This same internal feedback loop,

shown in Figure 3.1 enables Embodied Visuomotor Representation to integrate vision and con-

trol seamlessly, without relying on external scale, or sacri�cing close-loop stability.

In what follows, we develop a general mathematical form for equality constrained Embod-

ied Visuomotor Representation and demonstrate it on a series of experiments where uncalibrated

robots gain the ability to touch, clear obstacles, and jump gaps after a few seconds of operation

by using natural strategies observed in bees �ying through openings and gerbils jumping gaps.

For these applications, we develop speci�c relations between control inputs, acceleration, and

observed visual features, such as lines and planes, that can be used by an uncalibrated robot to

estimate state in an embodied unit. This state is used by control schemes that are guaranteed

to perform a task correctly. The results suggest that Embodied Visuomotor Representation is a

paradigm shift that will allow all visuomotor systems, and in particular robots, to automatically

learn to control themselves and engage in lifelong adaption without relying on pre-con�gured 3D

sensors, controllers, or 3D models that are calibrated to an external scale.

3.2 Results

First, the mathematical methodology for Embodied Visuomotor Representation will be de-

tailed in the equality constrained case, where the results of vision and control can be set equal

to each other. Next, examples of applying Embodied Visuomotor Representation to the control

of a double integrator and a multi-input system with actuator dynamics are developed. Finally,
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algorithms that use Embodied Visuomotor Representation to allow uncalibrated robots to learn

to touch, clear obstacles, and jump gaps are presented. Detailed calculations behind these appli-

cations are provided in the Methods section.

3.2.1 Equality Constrained Embodied Visuomotor Representation

Consider a pointX w 2 R4 in homogenous coordinates corresponding to the 3D location of

a point in the world coordinate frame. It is transformed by the extrinsics matrixTcw 2 SE(3) and

projected to the homogenous pixel coordinatespc 2 R3 in the image according to an invertible

intrinsics matrixK 2 R3� 3 that encodes the focal length and center pixel. The resulting well

known relationship is

pc =
1

X z
c

�

K 0

�
TcwX w : (3.1)

WhereX z
c is the third element of the productTcwX w . Without loss of generality, we assume

thatK = I .

Next, consider the warp function as known in computer vision. It has the property that

pc(t) = W(t; t 0; pc(t0)) : (3.2)

That is, given the initial position of a world point in an image at timet0, the warp function

returns the position of the same world point in the image at another time. Note that warp functions

are sometimes assumed to be linear, and this can be a good approximation when the region of

interest is on a �at plane [42]. However, in general, the warp is nonlinear because its estimation
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amounts to the integration of optical �ow or tracking visual features such as points, lines, or

patches.

Similarly to the warp function, the “�ow map” from control theory,� f;u , is de�ned as

returning the solution to a system de�ned byf with inputu as follows:

_x = f (x; u); x(t0) 2 Rn

x(t) = � f;u (t; t 0; x(t0))

(3.3)

Comparing (3.2) to (3.3) reveals thatW and� serve the same purpose.W is the solution

map giving trajectories in image space, whose derivative is also called optical-�ow, and� is the

solution map for the system state, whose time derivative is driven by the system dynamics. This

similarity in purpose leads to an equality constraint.

Due toW's close relationship to positionX through (3.1), many visual representations

allow computing the position of the camera up to a characteristic scale such as the size of an

object under �xation, the initial distance to a visual feature, or the baseline between two stereo

cameras. We call the position to scale� W and assume it can be estimated. In particular, the

prominent families of computer vision algorithms, such as homography estimators, structure

from motion, SLAM, and visual odometry result in such a� W .

� W can be related to position by a multiplicative scalar, that is the characteristic scale of

the visual representation, which we calld. If the �rst three elements of the state are the position

of a point in the camera's frame, i.e.,x =
�

X T
c �

� T

, then� W , d, and� f;u are related by,
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X c(t) = � W (t; t 0; pc(t0))d = � 1;2;3
f;u (t; t 0; x(t0)) ; (3.4)

wherepc(t0) = x1;2(t0)=x3(t0) and superscripts (i.e.,� 1;2;3
f;u ) are used to denote the individual

components of a vector. Note that this formulation holds for loose and tight couplings of vision

and control, where loose coupling means the vision algorithm functions independently without

the knowledge of action.

The problem of visuomotor control thus becomes �nding speci�c forms of� f;u andW that

possess desirable properties. In particular, we seek a transformation that reformulates the prob-

lem into a form akin to those used in linear system theory, enabling us to take advantage of the

properties of linear systems. Suppose the camera is translating but not rotating. Then the world

frame's axes can be assumed to align with the camera frame's axis. In practice, this assumption

holds for durations ranging from a few to several seconds when an inexpensive Inertial Mea-

surement Unit is mounted in the same frame as the camera sensor and is used to compensate the

image so that it can be considered as coming from a camera with �xed orientation. Consequently,

the rotation between the camera framec and the world framew can be neglected as the frames

can be assumed to coincide up to a translation and soX can be used in the place ofX c.

Then Newton's second law of motion can be applied in the �xed camera frame (within

the time interval that the system can be considered rotation invariant). Let that time interval be

[t0; t0 + T] whereT 6= 0. Then we obtain a linear system that relates the position, velocity, and

acceleration components of the stateX and� W ,

53



� W (t; t 0)d = X (t0) + ( t � t0) _X (t0) +
Z t

t0

Z �

t0

f mech(X (� 2); _X (� 2); xact(� 2); u(� 2); � )d� 2d�:

(3.5)

Heref mech encapsulates the mechanical dynamics due to forces exerted by actuators,� is a

set of mechanical parameters (arm lengths, mass, etc.) that can be considered constant,_X is the

time derivative ofX , andxact is the state of the actuator dynamics. We encapsulate the actuator

dynamics as a separate system

_xact(t) = f act(xact(t); u(t); � act); (3.6)

where� act are the constant parameters of the actuators.

Consider this visuomotor representation as known by an embodied agent without calibra-

tion to an external scale. ThenX is the robot's 3D position relative to the point of interest in

an unknown unit,d is the characteristic scale of vision in the unknown unit,� W is the unitless

estimate of the position due to vision,� and� act are the constant parameters of the mechanical

system and the actuators in unknown units. Finally,xact andu are the state of the actuators in

unknown units.

The only quantities known in general by an uncalibrated embodied agent system are then

� W andu. But, because� W is unitless, if the embodiment attempts to estimateX , d, � , and

� act so that (3.5) and (3.6) hold at all times, the units of the estimated quantities must be implic-

itly determined byu. For example, it can be seen that the distance units ofX are determined

by the distance units de�ned by the acceleration, that is, a distance unit over seconds squared,
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whose magnitude is determined from the embodied signalu transformed into acceleration by the

system'sf act and f mech. In other words, the magnitude ofX , _X , andd is determined by the

magnitude of the the actionu and thus their units are implied byu.

Consequently, the general path for employing Embodied Visuomotor Representation in-

volves the following steps:

• De�ne a model that represents the physical dynamics of the agent. Both classical and

learning-based models can be used.

• Ensure all quantities in the model arising from physical processes are unit-free or up to

scale. For example, if gravity is to be modeled, it can be assumed the effect is non-zero,

but the magnitude must not be assumed.

• Choose a visual representation� W where the characteristic scale is related to a quantity

of interest. For instance, in a grasping task, it may be advantageous to choose� W so that

d corresponds to the object's size. Similarly,d might be the initial distance to a tracked

feature, line, or object in a navigation task.

• De�ne a constraint between the unknownsd, X , _X , � , � act , andxact that enables a unique

and task-relevant representation to be estimated. In what follows, we give two speci�c

formulations.

• Construct an estimator for the chosen representation ofd, X , _X , � , � act , andxact and

incorporate these estimates into the task execution.
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3.2.2 Closed Loop Control with Embodied Visuomotor Representation

In what follows, we give two speci�c examples of constructing an estimator and using

the resulting state for closed-loop control. In the �rst example, distance is estimated in units of

action for a single input, single output system. In the second example, the multiple input case is

considered. In that case, distance is most directly available in multiples of the characteristic scale

of vision but can easily be converted to the units of action of any of the inputs. In both cases,

stable closed-loop control is a consequence of the embodied representation.

For each example, we begin by constructing a model, a sliding window estimator, and a

closed-loop controller which will have guaranteed stability under mild assumptions. The ap-

proach is a form of indirect-adaptive control because, �rst, a forward model is identi�ed using

our framework. Then, a controller is synthesized from that model [67].

3.2.2.1 Double integrator with unknown gain

The simplest system that can be represented in the framework of Embodied Visuomotor

Representation is a robot moving along the optical axis while �xating on a nearby object. The

dynamics are assumed to be that of a double integrator and the image provides the position

up to the characteristic scale of vision. This system was also considered in [68], however, the

exposition was limited. The system is given by
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_x =

2
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6
4

0 1

0 0

3
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7
5

| {z }
A

x +

2

6
6
4

0

b

3

7
7
5 u (3.7)

� W (t; t 0)d = x1(t): (3.8)

Here, the observation (output) is� W , and it is linearly related to the statex1 through the

unknownd. b is the unknown gain between control effort and acceleration in an external scale,

such as meters per second squared.b implicitly depends on both the strength of the embodied

agent's actuators and the mass of the embodiment itself. Dimensionality analysis reveals thatbis

simply the unknown conversion factor between the embodied scale implied byu and the external

scale. Finally, the system is observable as long asd 6= 0. That is, the visual representation's

characteristic scale, such as the initial distance to a visual feature, size of a patch, or the baseline

between two stereo cameras, is non-zero.

A sliding window estimator that considers� W , andu to be known over the interval[t0; t0 +

T], T 6= 0 results in the problem

min
d;x(t0 );b

Z t0+ T

t0

�
� W (t; t 0)d � x1(t0) � (t � t0)x2(t0) � b

Z t

t0

Z �

t0

u(� 2)d� 2d�
� 2

dt; (3.9)

which cannot be solved uniquely without additional constraints because a trivial solution can be

realized by allowing all optimized variables to equal zero. However, dividing byb, the unknown

conversion factor between external scale and embodied scale, reveals a problem that can be solved
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as long as acceleration is non-zero for some period during the interval[t0; t0 + T]

min
[d;x ( t 0 )]

b

Z t0+ T

t0

�
� W (t; t 0)

d
b

�
x1(t0)

b
� (t � t0)

x2(t0)
b

�
Z t

t0

Z �

t0

u(� 2)d� 2d�
� 2

dt: (3.10)

Sincebis simply a conversion factor between units, we see that the lumped quantitiesd=b,

x1(t0)=b, andx2(t0)=bare traditional state estimates but in the embodied units ofu. Thus, we see

that an embodied agent can naturally estimate state in an embodied scale by comparing what is

observed with the accelerations effected through action.

In practical applications,� W will be noisy because it is estimated using an image made out

of discrete pixels. Even if this noise is zero mean, Equation (3.10) results in a biased estimator

because it uses� W as an independent variable. An unbiased estimator can be realized by dividing

by d=b, resulting in the problem,

min
[b;x ( t 0 )]

d

Z t0+ T

t0

�
� W (t; t 0) �

x1(t0)
d

� (t � t0)
x2(t0)

d
�

b
d

Z t

t0

Z �

t0

u(� 2)d� 2d�
� 2

dt: (3.11)

In the new problem,� W is the dependent variable because it is no longer multiplied with one

of the optimized variables. Then, because the problem is linear least squares, if� W is corrupted

with zero mean noise, the parameter estimates will remain unbiased. On the other hand, the es-

timated parameters have changed. The statex is now estimated in multiples ofd instead of the

desired multiples ofb. Further, only the reciprocal of thed=bis estimated. These estimates can

be transformed back to the desired quantities with division, which will result in some bias since
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division does not commute with expectation. However, unlike when using Equation (3.10), tech-

niques that increase the accuracy of estimates, such as taking more measurements, will increase

the accuracy of the transformed estimates. A detailed explanation is provided in the Supplemental

Material.

The solution to either formulation is unique as long as the acceleration,u, is non-zero for a

�nite period within the sliding window. A detailed proof is given in the Supplemental Material.

Then if the control lawu = K (x=b) is applied, the closed loop system dynamics become

_x = Ax �

2

6
6
4

0

b

3

7
7
5 K

x
b

= Ax �

2

6
6
4

0

1

3

7
7
5 Kx: (3.12)

Because the unknown gainb cancels out in the rightmost expression, we can say that the

closed loop behavior of the system is invariant to the value ofb. That is, whileb is not known

individually, and is only a term in the known ratiosx=b andd=b, it will not affect the systems

behavior. Thus, the control gainsK can be chosen as ifb = 1 andx itself is known. This is

despite the fact thatb appears individually in the dynamics model. Similarly, the characteristic

scale of vision,d, does not affect the closed loop behavior despite remaining unknown.

Further, consider that onced=bis known,� W (t)d=bprovides a direct estimate ofx1(t) in

the embodied unit. Thus, in theory, it is suf�cient to solve (3.10) or (3.11) once, and subsequently

treat control of (3.7) as a traditional output feedback problem. Finally, since the closed loop sys-

tem is linear, time-invariant, controllable, and has known parameters, feedback gainsK always

exist and can be chosen to ensure global closed-loop stability. In particular, since this system

corresponds to a PD controller applied to a double integrator, the stabilizing gains can be easily

chosen.
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3.2.2.2 Unknown actuator dynamics

Next, the previous example is extended to the case that the robot does not know its actuator

dynamics. Typically, actuator dynamics produce a “lagging” response to control inputs. For

example, they could take the form of an unknown delay or low-pass �lter between the control

input and its effect on acceleration. Additionally, the full 3D motion is considered.

Suppose the dynamics are fully linear, the robot can move in three dimensions, there is

an unknown, stable linear system between control inputs and the 3D acceleration, and a visual

process estimates the position of the robot up to the characteristic scale of vision. Then, the

dynamics can be expressed as

_x =
d
dt

2

6
6
6
6
6
6
4

X

_X

xact

3

7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
4

_X

Bu + Cactxact

Aactxact + Bactu

3

7
7
7
7
7
7
5

� W (t; t 0)d = X

(3.13)

Estimating the unknown parametersB , Aact , Bact , andCact simpli�es to satisfying the

following equality constraint

� W (t; t 0)d = X (t0) + t _X (t0)

+
Z t

t0

Z �

t0

Bu(� 2) + Cact

�
� A act (� 2; t0)xact(t0) +

Z � 2

t0

� A act (�; t 0)Bactu(� )d�
�

d� 2d�
(3.14)
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Suppose that the actuator dynamics expressed inside the double integral are BIBO stable.

Then, the impulse responses relating the inputs of the actuator's system to this term go to zero

exponentially fast. Consequently, it is suf�cient in many practical applications to approximate

these dynamics as a �nite length convolution with the input. Then, we get the following equality

constraint whereG is a matrix value signal whosei ,j 'th entry is to be convolved with thej 'th

element ofu to get its effect on thei 'th state.

� W (t; t 0)d = X (t0) + ( t � t0) _X (t0) +
Z t

t0

Z �

t0

(G � u)( � 2)d� 2d�: (3.15)

As with the previous example considering a double integrator, any problem based on this

constraint has no unique solution because every term has an unknown multiplier. However, unlike

the double integrator, we cannot simply divide byb to get a problem with a unique solution.

Instead, we can divide by the scalard to get a linear constraint that will be uniquely satis�ed

given suf�cient excitation byu. A detailed proof is given in the Supplemental Material. Consider

the sliding window estimator again. The full problem to be solved is

min
[X ( t 0 ) ; _X ( t 0 ) ;G ]

d

Z t0+ T

t0

"

�( t; t 0) �
X (t0)

d
� (t � t0)

_X (t0)
d

�
�

G
d

�
Z �

t0

Z �

t0

u(� )d� 2d�d�
�

(t)

#2

dt;

(3.16)

where the fact that the convolution withG can be brought out of the double integral has been

used, and� at the top of the double integrator is the placeholder for the variable that will be
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convolved over.

In this case, the position of the agent is recovered in multiples of the characteristic scale of

vision due to division byd. However, the units of distance can still be recovered in the embodied

units of acceleration by dividing all estimated parameters by the gain of one of the actuator's

impulse responses at a particular frequency. In particular, if the DC gain of the actuator dynamics

is non-zero, we can consider that

�
X (t0)

d

�
=

� R1
0 gij (t)dt

d

�
=

X (t0)
R1

0 gij (t)dt
; (3.17)

Wheregij is thei , j entry ofG and
R1

0 gij (t)dt is its scalar valued DC gain. Thus, distance in

units of action is still available. Further, the distance in the units of action is different for each

input, and the conversion factor between all the embodied scales is known to the agent. So, it is

free to switch between units as may be convenient.

If the actuator dynamics are minimum phase, and thus an inverse impulse responseG� 1

exists, then sinceG=dis known,dG� 1 can be determined. It is then straightforward to synthesize

a reference tracking controller. Consider the control scheme given by

e :=

2

6
6
4

X ref

_X ref

3

7
7
5 �

2

6
6
4

X=d

_X=d

3

7
7
5

u := dG� 1 � Ke:

(3.18)

Then the closed-loop dynamics are
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•X = G � u = G � (dG� 1 � Ke) = K
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X ref
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2

6
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4

X

_X

3

7
7
5

1

C
C
A ; (3.19)

where the fact that the systemsG anddG� 1 cancel (by de�nition) except for the scaled has been

used.

The resulting closed loop's stability does not depend on the magnitude of the embodied

scale or any external scale. Instead, the reference point is in multiples of vision's characteristic

scale, which could be the size of a tracked object, the baseline between a stereo pair, or the initial

distance to an object. As before, it is straightforward to convert to the embodied units of action

becaused can be replaced with any actuators DC gain,
R1

0 gij (t)dt. In that case, the closed loop

dynamics become

•X = K

0

B
B
@

Z 1

0
gij (t)dt

2

6
6
4

X ref

_X ref

3

7
7
5 �

2

6
6
4

X

_X

3

7
7
5

1

C
C
A : (3.20)

As with (3.12), the systems in (3.19) and (3.20) are linear, time-invariant, controllable, and

all parameters are known. Thus, gainsK always exist and can be selected to ensure closed loop

stability [41].

In practice, the inverse of the actuator dynamics should not be used in the control law

because the cancellation of dynamics typically results in a control law with poor performance

and robustness. Regardless, we consider the inverse dynamics above so that the �nal close loop
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control law clearly illustrates the units being employed by Embodied Visuomotor Representa-

tion. However, in general, it is now straightforward to design traditional control laws using the

identi�ed parameters. In particular, the jumping experiments avoid using inverse dynamics.

3.2.3 Applications

We now turn to three basic robotic capabilities: touching, clearing, and jumping, which can

be accomplished by uncalibrated robots that use Embodied Visuomotor Representation.

3.2.3.1 Uncalibrated Touching

Consider an uncalibrated robot with a monocular camera that must touch a target object in

front of it. The contact will occur at a non-zero speed because the robot does not know its body

size and thus cannot come to a stop just as it reaches the target. Further, the robot also does not

know the strength of its actuators, the size of the target, or the size of anything else in the world.

In what follows, we carefully apply the �ve steps for using Embodied Visuomotor Representation

to design an algorithm for this problem. Figure 3.2 outlines the resulting uncalibrated touching

procedure visually.

Starting with the �rst step, we assume a double integrator system as in (3.7), that is the

robot accelerates along the optical axis according to•x1 = buwhere•x1 is acceleration in meters

per second squared andu is a three-dimensional control input. Upon inspection, we see that the

only quantity de�ned by the world,b, does not have a predetermined unit. Thus, the second step

is complete.

To complete the third step, assume the robot is facing a planar target. The reciprocal of
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